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1 Introduction 

The original Loday-Quillen-Tsygan Theorem (LQT) is proven by Loday and Quillen 13;: and independently 
by Tsygan [20] ■ It states that the ordinary Lie homology (here referred as Chevalley-Eilenberg-Lie homol- 
ogy) of the Lie algebra of the infinite matrices gl(A) over an unital associative algebra A is generated by 
the cyclic homology of A as an exterior algebra. Although Lie algebras have been studied extensively, their 
non-commutative counterparts, Leibniz algebras and their homology, are defined only recently by Loday 
|12| . In this setting, LQT is extended by Cuvier 5 proving Leibniz homology (here referred as Chevalley- 
Eilenberg-Leibniz homology) of gl(A) is generated by the Hochschild homology of A as a tensor algebra. 
There is also a slightly different proof of Cuvier's result by Oudom [U] by using a specific filtration on the 
Chevalley-Eilenberg-Leibniz complex of gl(A) and a spectral sequence. All of these proofs and the proof 
we present here for the coalgebras rely heavily on Weyl's invariant theory jlll Chapter 9]. We would like 
to mention that in Aboughazi and Ogle gave an alternative proof of LQT which did not use Weyl's 
invariant theory. There is also a general LQT type result for algebras over operads by Fresse [2]. 

Coassociative coalgebras and their homologies received some attention recently in the context of Hopf 
and bialgebra cyclic (co)homology [21 El IZ1 IH) • On the other hand, Lie coalgebras have not received much 
attention in their own right ^| even though they appear as auxiliary structures in important results 
such as Hinich's explanation {3j of Tamarkin's proof of Kontsevic Formality Theorem The only reference 
to Leibniz coalgebras we found was in Livernet . 

In this paper we prove that LQT generalizes to the case of coalgebras. Specifically, we show that the 
Chevalley-Eilenberg-Lie homology of the Lie coalgebra of matrices gl c (C) over a coassociative coalgebra C 
is generated by the cyclic homology of the underlying coalgebra C as an exterior algebra. 

Here is the plan of this paper. In Section [3 we give a self-contained account of coassociative, Leibniz 
and Lie coalgebras and their comodules. In Section and Section 0] we develop the bar and Hochschild 
homology theories for coassociative coalgebras. In Section[S]we define several homology theories for Leibniz 
coalgebras including Chevalley-Eilenberg-Leibniz homology and symmetric Chevalley-Eilenberg-Leibniz 
homology which we call as Chevalley-Eilenberg-Lie homology. In Section H3 we connect all of these ho- 
mology theories together for the Lie coalgebra Lie(C) of a coassociative coalgebra C. Section contains 
several results about matrix coalgebras. Finally, in Scction[S]we prove Loday-Quillen-Tsygan Theorem for 
coassociative counital coalgebras. 

Acknowledgements. We would like to thank Henri Moscovici for his helpful remarks. 
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Throughout this paper, we will assume that k is a field of characteristic 0. The tensor products are 
taken over k and are denoted by <g>. 



2 Coalgebras and their comodules 

Definition 2.1. A fc-module C is called a coassociative coalgebra if there is morphism of fc-modules 
C ^C®C such that 

(id c ® A)A = (A <g> id c )A (2.1) 
C is called counital if there is a morphism of fc-modules C k such that 

(r]®idc)A= id c = (idc ®r])A (2.2) 
We will use Sweedler's notation and denote A(c) by J2 c c (i) ® c (2) f° r an Y c £ C. 

Definition 2.2. Assume (C, A, 77) is a counital coassociative coalgebra. A fc-module X is called a left 
C-comodule iff there is a morphism of fc-modules X -^-> C ® X such that 

(idc®px)px = (A®idx)px (2.3) 
(r]®idc)px = id x (2.4) 

Right C-comodules and C-bicomodules are defined similarly. Again, we will use Sweedler's notation and 
denote px{x) by ^2 X £(-1) ® X( ) for any x e X whenever A is a left C-comodulc. 

Definition 2.3. A fc-module L is called a Leibniz coalgebra iff there is a morphism of fc-modules L —> L®L 
such that 

(id 3 - (idi <g) t 2 ))(S ® idi)5 = (idi ® 5)5 (2.5) 

where L® 2 — ^+ L® 2 is the permutation of the factors. We will use Sweedler's notation and denote 5(x) by 
<8> X[2] for any iel. Then, for any x E L we have 

^ a;^] <g> x [1][2] <g> a; [2 ] - a;[i][i] ® ar [2 ] ® x [1][2] = ^ a;^] ® x [2 ][i] ® £[2][2] (2-6) 

The morphism <5 is called a cobracket. 

Definition 2.4. A Leibniz coalgebra (L, 5) is called a Lie coalgebra iff L is a Leibniz coalgebra and the 
cobracket 6 is anti-symmetric, i.e. 

(id 2 + T 2 )5 = (2.7) 

Lemma 2.5. Let (C, A) 6e a coassociative coalgebra. Let 5 = (id 2 — t 2 )A. Then (C,5) is a Lie coalgebra. 
This Lie coalgebra associated with a coassociative coalgebra (C, A) is denoted by (Lie(C),5). 

Proof. It is easy to see that 

{id 2 + t 2 )5{x) = (id 2 + r 2 )(l - t 2 )A(x) = (1 - t|)A(.t) = 

For the coJacobi condition coassociativity will play an important role. Since A is coassociative, we can 
write 

5(x) = IE(i) ® X(2) - Z(2) ® «(1) 
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Then 

(id 3 - (idi ® t 2 )){5 <g idi)S(x) 

=(id 3 - (idi ® t 2 ))(<5 <g idi) (x ( i) ® x (2) - x (2) <g x (1) ) 

=(id 3 - (idi ® t 2 )) (x(i)(i) ® X(i)( 2 ) ® x (2 ) - a;(i)(2) ® £(i)(i) ® ^(2)) 

+ (id 3 - (idi <g r 2 )) (-a;( 2 )(i) ® x (2)(2 ) ® x (1) + x (2){2) ® X(2)(i) <g £(i)) 
=(id 3 - {idi <g t 2 )) (x(i) ® x( 2 ) ® x (3) - X(2) <g a;(i) <g ^(3)) 

+ (id 3 - {idi <g t 2 )) (-x (2) <g «(3) ® ^(1) + ^(3) ® £(2) ® X(i)) 

=.T(!) ® 1(2) (g X( 3 ) - X(i) <g> X( 3 ) ® ^(2) - X(2) ® X(l) ® X( 3 ) + 2J(2) ® X( 3 ) (g X(i) 
- X( 2 ) (g X( 3 ) (g X(i) + X( 2 ) ® £(1) (g X( 3 ) + X( 3 ) (g X( 2 ) ® X(i) - £(3) <g X(i) (g X( 2 ) 

and after the cancellations we get 

(id 3 - (ic?i (g t 2 ))(<5 (g idi)5(a;) =X(i) <g £(2) (g X( 3 ) - X(i) (g X( 3 ) ® X( 2 ) 

+ 3(3) <g X (2 ) ® Z(l) - Z(3) ® X (1) ® x {2) 
=X(i) (g X(2)(l) (g Z(2)(2) - X(i) (g X(2)(2) ® «(2)(1) 
+ X (2) ® Z(l)(l) ® X (1)(2 ) - «(2) ® x (l)(2) ® x (l)(2) 

=X(i) <g <5(x( 2 )) + X(2) ® K x (i)) 
=(idi (g <5)<S(x) 

as we wanted to show. 

Definition 2.6. Let L be a Leibniz coalgebra. A fc-module X is called a right L-comodule iff there 
morphism of fc-modules X X®L such that 

X[o][o] ® £[o][i] ® X[i] - X[o][o] ® ® ^[o][i] = ^[0] ® a;[i][i] ® £[i][2] 
for any x G X where we write px{x) — X[o] ® X[i] 

Lemma 2.7. Let X a«c? Y be two right L-comodule. Then X ®Y has a right L-comodule structure. 
Proof. Let {X ® Y) {X (g Y) (g L be defined as 

px<g>r(x (g y) = [x[ ] ® y) ® X[i] + (x <g y [0 ]) ® 
for any (x <g y) from X <E>Y. Then 

(z ® 2/)[o][o] <g (x (g y)[o][i] (g (x (g - (x (g y)[ ][o] (g (x (g y)[ij (g (x (g j/)[o][i] 

= (^[o][o] ® y) ® a;[o][i] ® X[i] + (x [0] (g y [0] ) (g x w (g y w + (x [0] (g y [0] ) (g y {1] (g X[!] 

+ (^ ® 2/[0][0]) ® 2/[0][i] ® - (^[o][o] <g y) <g a;[i] <g a;[o][i] - (^[0] ® J/[o]) <g O ^[1] 

- («[o] O 2/[o]) <8> x [1] (g - (x <g y [0 ] [0 ]) (g ® y[a][i] 

=(x[o][o] <g y) <g a;[o][i] <8> - (^[o][o] ®y)<S> x m ® x [0 ][i] 

+ (a; <g 2/[o] [0] ) <g V[o] [1] ® - (x <g J/[o] [0] ) <g <g J/[o] [1] 

= (x [0] (g y) (g x^jf!] (g X[ 1][2 ] + (x (g y [0] ) (g y^j^j (g y [1][2] 

= (x (g y) [0] (g (x (g y) [!][!] (g (x (g y) [1][2 ] 



as we wanted to show. □ 

Remark 2.8. For a Leibniz coalgebra L, kernels and cokernels in the category of L-comodules are defined 
as kernels and cokernels in the category of fc-modules. Then the category of L-comodules is an abelian 
subcategory of the category of fc -modules. 

Theorem 2.9. Let (C, A) be a coassociative coalgebra. Then there is a functor from the category of left 
C-comodules into the category of left Lie(C) -comodules of the form C-Comod Lie(C) Comod. 

Proof. The functor Lie is identity on both object and morphisms. In order to show that Lie(X) is a 
Lze(C)-comodule whenever X C®X is a C-comodule. We need to define a Lie(C)-comodule structure 
X Lie(C) ® X. So, take the same px- Then 

Z[0][0] ® Z[0][1] ® - Z[0][0] ® ^[1] ® ^[0][l] =«(0) ® #(1) ® #(2) ~ #(0) <g> X( 2 ) <8> X (1 ) 

=X (0 ) <g>X (1)[ i] (g) X(i) [2 ] 

=X[ ] ® a;[i][i] ® o;[i][2] 

which proves defines Lie(C)-comodule structure on X. □ 

Definition 2.10. Let L be a Leibniz coalgebra and M M ® L be a right L-comodule. Then M L the 
subcomodule of C invariants of M is defined as 

M L = ker{M M ® L) 

3 The bar complex 

From this section on, assume C is a counital coassociative coalgebra. Let Lie(C) be the Lie coalgebra 
associated with the coassociative coalgebra C. 

Definition 3.1. Let CB*{C) := {C®"}„> and define d% B = and also let 

n-l 

d n B = ® A ® idn-l-j) (3.1) 

3=0 

for any n > 1. 

Theorem 3.2. CB*(C) is a differential graded algebra. 
Proof. For < j < ra — 1 define morphisms dj as 

^(c 1 <g> • • • (g> c n ) = (idj- <g> A <g> id„_j)( cl • • • <g> c n ) = (• • • <g> c^ 1 <g> di 1 <g> • • • ) (3.2) 



One can check that, for i < j 

djdi(c ® ■■■<8>c n ) 
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Therefore d£ B = E"=o C -1 ) 3 '^ is a differential. Note that 

n m 

dn+ m = E^ 1 )^ ® A ® id„-i) ® id TO + J^(-f )"+^ 1 id„ <g) (i<ij_l ® A <g> icZ m -j) (3.3) 

3=1 3=1 

= (^ B ® id™) + (-l)"(id„ <8> d£ s ) (3.4) 
And if we take the tensor multiplication as the algebra structure on CB*(C), then with this equality 

for any \I/ from CB n (C) and $ from CB m (C) where n > and m > are arbitrary, This proves that 
C-B* (C) is a differential graded fc-algebra. □ 

Theorem 3.3. CB*(C) is a differential graded Lie{C)-comodule. 

Proof. The comodule structure is given by the diagonal coaction 

n 

Pnix 1 ® • • • ® x n ) = E(" • • ® a^jj ® • • • ) ® a^ 2 ] 

3=1 

n n 

= E(' • • ® ® • • • ) ® 3^ 2) - E(' • • ® ar^ ® • • • ) ® x° {l) (3.5) 

3=1 3 = 1 

Lemma lzTTl Droves that CB*(C) is a graded L«e(C)-comodule. In order to show that CB* (C) is a differential 
graded Lze(C)-comodule, we must show that the coaction and the differentials commute. In other words 
we must show p n+ id^ B — (d^ B ® id\)p n for any n > 0. So, consider 

■ ) ® x[ 2] 



p n+1 d° B {x 1 ®- 


»=0 j=l 


■ • ® 35^ ® • • • ® x^ 1 


(8) a;^ 1 ® • • 




n-1 
i=0 


• §§) *^ ( 1 ) [1] ^ *^(2) ® * ' 


• ) (8 35 (i)[ 2 ] 




n-1 


• (§) & *^(2)[1] ® * ' 


• ) ® ^(2) p] 




n — 1 n 

+EE(- 

i=0 j=i+3 


!)*(■•• ® sg 1 <8> zg 1 


® • • • ® ar?jT 



) ® Z[2] 1 



However, 



( x (l)[l] ® 35( 2 ) ® 3f(l)[2]) + (^5(1) ® s (2)[l] ® x (2)[2}) 

= (35(1) ® «(3) ® 35(2)) - (35(2) ® 35(3) ® 35(1)) + (^(1) ® ^(2) ® 37(3)) ~ (35(1) ® 35( 3 ) ® 33( 2 )) 

= (35(i) ® 35(2) ® 35(3)) - (35(2) ® 35( 3 ) ® 35(i)) 

= (35(l)(l) ® 55(1) (2) ® 35(2)) - (55(2)(1) ® a; (2)(2) ® 55(1)) 

= (35[1](1) ®35[i]( 2 ) ®35[ 2 ]) 
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for any x G C. Therefore 

7i—l n— 1 

12] 



Pn+id^a; 1 (8) • • • <g) a;") = ^ ^ (-!)*(• ' ' ® ^(i) 1 ® 4/ <8 • • • <8 4] ® " ' ) ® 4 



i=0 j=i+2 
n-1 



+ £(-!)*(• • • ® 4k 1 !) 41(2) ® • • • ) ® 41 1 

*=0 
n— 1 i 

+ ]r • • ® 4i • • • ® x w x w ® • • • ) ® 4i 

i=0 j=l 
n-1 j-2 

= • • ® 4) 1 ® 4/ ® • • • 4i ® • • • ) ® 4i 

3=1 i=0 
n-1 

+ £(-!)*(• • • ® 4k 1 !) ® 41(2) ® • • • ) ® 41 1 

i=0 

n— 1 n— 1 

+ ^ ZJc- 1 )^- • • ® 4i • • • 4) 1 ® 4/ ® • • • ) ® 4i 

=(rf^ B (8) idi)p„(a; 1 ®--®x n ) 
as we wanted to show. □ 
Theorem 3.4. T/ie Lie(C)-comodule structure on CB*(C) is null-homotopic. 

Proof. We need to provide a null-homotopy, i.e. a morphism of graded modules of the form CB*(C) 
CB*(C)[-1] (8 Lie(C) which satisfies (d^ (8 id c )h n + h n+1 d% B = p n . Define 

n 

hnix 1 ® ■■■®x n ) =^(-l) J '(---<8^<8---)®a; j (3.6) 
for any (a; 1 (8 • • • <8 a;") from CB n (C). Then 

i-l 

(-l) i ft n+ ia i (a; 1 O • • • <8 a;") = ^(-l)^ 1 ^ ' ' ® x ^ i ® ' ' ' ® x t) ® x t) ® ' ' ' ) ® a^' +1 

+ (• • • (8 4 1 ® ' ' ' ) ® 4 1 

n 

+ ^ (-l)^^ 1 (. . . ^ ar 1 ^ 1 (8 4/ <8 • • • ® <8 • • • ) <8 a: j 
By shifting the indices on the last sum and taking sum over alH = 0, . . . , n — 1, we get 

n— 1 i— 1 

hn+^ix 1 <8 • • • (8 a") = ^ • • ® a^' +1 ® ■ ■ ■ ® 4/ ag 1 ® ■ ■ ■ ) ® 

i=l j=0 



+ p„(a; 1 (8 ■■■®x n ) 

n—2 n—1 

+ ^2 ■ • ® x \i) ® 4/ ® • • • ® ® • • • ) ® xJ+1 



i=0 j=i+l 



On the other hand 

i 

(-!)*($ ® id^Kix 1 <g> • • • ® x n ) = ^(-1) <+J ' +1 (- • • <g> S^+T <g> . . . $ x |+ 2 ® x|+ 2 ® • • • ) ® x 1+1 



3=0 

n-l 

+ ^ • • ® x^ 1 ® x^ 1 ® <g) • • • ) (g) 



j=»+i 

which means 

n i—1 



-7+1 



<g> id^hnix 1 <g> • • • (g) x") = X] ' ' ® ® ' ' ' ® ^(l) 1 ® ^p) 1 ® • • • ) ® xj 

i=l j=0 

n — 2 n — 1 

+ ^ ^ • • ® arj+j 1 ® zg 1 ® • • • a^+i ® • • • ) ® x J+1 

4=0 j=i + l 

Then one can easily see that 

h n +id% B + (d° B ® irfi)/i„ = p„ (3.7) 
for any n > 1. □ 

4 Hochschild complex 

Remark 4.1. Define an action of C„ := (t„|t™) the cyclic group of order n on C®" by letting 

T « 1 {c 1 ® • • • ® c") = (c 2 (g) • • • (8) c" ® c 1 ) (4.1) 
Then observe that 9j = T^ +1 doT~ J f° r an Y < j < n — 1. 
Theorem 4.2. Let CH*{C) = {C®"} n > and de/me 

n 

d C n H = ^ B + (-1)"t-+i9o = £(-l) J '^ + iW (4-2) 
TTien CH*(C) is a differential graded Lie(C)-comodule. 

Proof. Define d n = t" +1 9ot~™ = r~ +1 do and observe that for i < j one still has 



djdiic 1 ® ■ ■ ■ ® c n ) = < 



(• • • <g) cjt, 1 ® cjt 1 ® • • • ® cL ® cL <8> • • • ) if i < j + 1 < n + 2 



(4.3) 



(1) ^"(2) ^ ^(1)^(2) 

1+1 6?) r i+1 6f) r i+1 
(1) ( » C(2) 1X1 C (3) 

i-(-l t j 1 

( 2 ) W ' ' ' ® c (i) ® c (2) ^ " " " W 

( c (3) ® ' ' ' ® c (i) ® c (2) ) if i = n and j = n + 1 

^^•-itc 1 ®---®^) (4.4) 



(• • • ® c^ 1 ® c^ 1 ® cj^ 1 ® • • • ) if i + 1 = j < n + 1 

(c;L ® • • • ® cjt 1 ® cjt 1 ® • • • ® cj n ) if i < n and j = n + 1 
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Then 

dS!f 1 dS' ir =EE(- 1 )* fifl jft 

j=0 i=0 

n i n n+1 

z=0 j=0 2=0 i=i+l 

n— 1 z n— 1 j 

=EE(- 1 ) i+i ^-EE(- 1 ) i+i ^= 

i=0 j=0 j=0 i=0 

as we wanted to show. Recall from Theorem 13 . 31 that p n do = (do ® id\)p n for any n > 1. One can also see 
that 

pnJn = (jn ® idx)p n (4.5) 

for any n > 1 too. Then p n+ \d^ H — (d^ H ® id\)p n easily follows. □ 

5 Chevalley— Eilenb erg— Leibniz complex 

Definition 5.1. Let L be a Leibniz coalgebra. Define a graded fc-module CE*(L) = {X® n } n >o and define 
two degree +1 graded morphism 

n n 

Pn (l X ® ■ ■ ■ ® I") =E (' • ■ ® '[1] »"•)« I[2] = E(~ 1 ) i ~ 1 (^ ® idn ~^ ^ 

i=l J'=l 

for all n > 0. 

Theorem 5.2. Define dj — (pj+i ® id n -j-i) for any < J < n — 1. TTien <9j<9i = didj-i for all < i < j. 
Therefore d^ E = p * s a differential on CE*(L). 

Proof. For < i < j and (a; 1 ® • • • ® x n ) from CE n (L) consider 
(p j+1 ® id n -j)(pi ® id^-iX^ 1 8) • • • <8> x n ) 



- E E^' ' ' ® ^[i] ® ' ' ' ® x fi] ' ' ' ® xi ® x f2] ® ' ' ' ® ^ ® ^fa] ® ' ' ' ) 

a=l 6=1 

+ E(' • ' ® x fi][i] ®---®x l ®xf 2] ®---®x 3 ® xf l][2] ® ■ ■ ■ ) (5.2) 



a=l 



E E (' ' ' ® X W ® ' ' ' ® X ["l] ® ' ' ' ® ® ^2] ® ' ' ' ® ^ ® X [2] 



a=l 6=a+l 



E(' ' ' ® ^fi] ® • • • ® ® a;p][i] ®---®x 3 ® X[ 2][2] (g) • • •) (5.3) 



a=l 



+ E E (' ' ' ® x fi] ® ' ' ' ® x * ® x f2] ® • ■ • ® 1 ® ■ ' ' ® xJ 1 ® i[ 2 ] 1 ® ■ • ■ ) 

a=l 6=i+l 

But L is a Leibniz coalgebra. Hence 

<g> X[ 2 ] <g> £[1][2]) + ® X[ 2 ][l] ® X[ 2 ][2]) = (x[l][l] ® £[1][2] <8> X[ 2 ]) 
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for any x in L. Therefore adding l|5.2[l and 15.3( 1 one gets 
(pj+i ® idn-j)(pi ® irfn-i)^ 1 <g> • • • <g x n ) 



a=l fc=l 



+ ' • ® icfi] [i] 8> • • • <8> x* ® x* 1][2] <g> ■ • ■ ® 



x J <x> x 



2] 



+ (• • ■ <g> xj\] (g> ■ • ■ <g> x^j <g> ■ • ■ ® x* <g x" 2] <8 • ■ • (8 x j (g Xpj (g • ■ • ) 

a—l b—a+1 

i 3 

+ ^2 ^2 (' ' ' ® x fi] ® ' ' ' ® x * ® x f2] ® ■ ■ ' ® ^[1] ® ' • ■ ® a; J ® xpj <g> ■ ■ ■ ) 

a=l 6=i+l 

=(pi ® id n+ i^i)(pj (g) id n -j)(x 1 (g • • • ® x") 

which proves djdi-i = di—idj—i for all < i < j, This is equivalent to <9 3 <9i = didj-i for all < i < j as we 
wanted. The proof that d^ E is a differential is similar to the proof of Theorem 14 . 21 where we showed d^ H 
is a differential. □ 

Theorem 5.3. CE*(L) is a differential graded L-comodule. Moreover, the L-coaction is null-homotopic. 

Proof. The comodule structure is given by the diagonal coaction p». We must show that p„_|_id„ = 
(d% E (g) idi)p n for any n > 1 . Then by using Theorem 15. 21 we get 

n n 
3=0 3=0 

for any n > 1, as we wanted to show. In order to show that the coaction is null-homotopic, we must furnish 
a null-homotopy CE*(L) ^ CE*(L)[-1] <g L. Define 

^(x 1 ® • • • <g> x n ) = (-l) n+1 (x 1 ® • • • S X™" 1 ) ® x™ (5.4) 

Then 

i„+ld£ E + (d^f x ® id X )i n = {-l) n+2 d^ E + (-1 )" +1 (d£-l ® idi) = (-1)" {d° E - (d£f x ® idi)) = Pn 

for any n > 1 as we wanted to show. □ 

Remark 5.4. One can see that CL*(L) is not only a differential graded L-comodule but also a pre- 
cosimplicial L-comodule which is not a cosimplicial L-comodule. We also believe that there is no cyclic, 
nor a symmetric L-comodule structure on CE*(L) either. 

Lemma 5.5. The differential d^ E satisfies the identity 

dp+ q = E ® id,) + (-1) P (^ P ® < B ) + ^(-l)^- 1 ^ ® T^ 1 , ® id^Xft, ® zd g+ i) (5.5) 

for any p,q> I . 
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Proof. Fix p, q > 1 and consider 

p+q 



Pp+qix 1 g> • • ■ g> x p+<? ) = ^(a 4 <g> • • • <g> x J {1] <g> • • • <g> <g> a^ 2] 



i=i 
p 

= ^(id p <g> r^Xx 1 (g ■ • • ® ar^ <g> • ■ ■ <g> x p ® ar[ 2] g> a; I+1 ® ■ • • <g> a; p+9 ) 

9 

+ ^(x 1 <g> ■ • ■ <8> x p ® • ■ • <g> a£t j ® • • • <g> x p+<? ) g> if 2 t j 
i=i 

=(idp <g> r^Xft" g) id g )(a; 1 O • • • g) + (id p g) p g )(a; 1 <g> • ■ • ® x p+<? ) 

for any a; 1 g) • • • g> x n from GE*{L). Then 
p+q 

3=1 

p q 

i=i 3=1 

= (d£ B g) + (-l) p (id P g> d^ E ) + ^(-l)^'" 1 ^ g> g> id q -j)(p p g> 

j 

as we wanted to show. □ 

Definition 5.6. Define a new differential graded L-comodule by letting CEl° d (L) := CE*(L) L = fcer(p*). 
We will call this complex as the reductive Chevalley-Eilenberg-Leibniz complex. 

Theorem 5.7. CE^ ed (L) is a differential graded algebra with tensor multiplication being the underlying 
product structure. 

Proof. Take * from CE T p ed (L) and $ from CE T q ed (L) arbitrary. By Lemma 1531 we see that 

<g> $) =(id p g)T (J+ 1 1 )( j Op(^)g)$) + (*g)p 9 ($)) (5.6) 
which implies \& <g $ is in CE r p cd q (L). The fact that p p (#) = implies 

® *) ® <f ) + (-i) p (* ® + $>i) p + ® Tj - + \ ® id,-,)^*) ® *) 

(5.7) 

=(< E (*) ® *) + g) < B ($)) (5.8) 

as we wanted to show. □ 

6 Tale of three complexes 

Lemma 6.1. For any n > 0, one has (id n+1 - (-1)™^^)^ = d% B (id n - (-l)™" 1 -^ 1 ). 
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Proof. The proof is by direct calculation. Observe that T n+1 di = d%—\T n 1 for any < i < n and T n+1 do = d n . 
Consider 



(id n+1 (-i)"r- + \) d c n H =j2(-iyd* E(-i) n+i vJ 1 a i 

i=0 2=0 
n n 

=£{-1)% - ^-lr+^r- 1 - (-ira n 



i=0 i=l 
n—1 n—1 

= ^(-l)^-^(-l)"- 1 +^r- 1 

i=0 i=0 

(id„ - (-lr-v- 1 ) 

which proves what we wanted. □ 
Lemma 6.2. Let N n = E^-l)*" -1 ^ for anyn>\. Then N n+1 d^ B = d% H N n . 
Proof. Proof is by direct calculation. Since t~"^ 1 8ot^ — d a , we have 

{t~1i di+j if i + j < n 

n+l-Hj (61) 
T nll di+j-n if l+j > n 

Then 

n—1 n 

C^=EE(- 1 ) ( "" 1)j+i W 

j=0 2=0 

n — 1 n — j — 1 n— 1 n 

=E E (-i) ( - 1)j+ v-i9 i+J - + x: £ (-i^-^+v-^W. 

,7=0 i=0 j— i—n—j 

n—1 n—1 n — 1 J 

= EEf- 1 )'"" 1 ^^^ + E E(- 1 ) ( ^ 1)J+l+ ^ v «+r 1 ^ 

j=0 i=j j=0 i=0 

By switching the order of summation we get 

n—1 z n—1 n—1 

d C n H Nn = £ E(- 1 )" j+V «+l^ + E E(- 1 )"°' +1)+V «+r 1 ^ 

2=0 j=0 2=0 j=i 

n—1 i n—1 n 

=EEH)" ,+ '^ + E E (-i)" J+ v„7i^ 

i=0 j=0 i=0 j-i+1 

=^n+l^ B 

as we wanted to show. □ 

Theorem 6.3. Let t* = (id* - (-l)*^ 1 ). Then there is an exact periodic sequence of differential graded 
Lie(C)-comodules of the form 

CH*(C) ±> CB4C) ^ CH*(C) CB*{C) (6.2) 
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Proof. Lemma IB~T1 shows that CB*(C) CH„{C) is a morphism of differential graded fc-modules and 
Lemma 16. 21 shows that CH*(C) -^-> CB*(G) is a morphism differential graded fc-modules. One can easily 
see that t*iV» = iV»i* = 0. So, in order to prove exactness, we must show that ker(t*) = im(N„) and 
ker(N^) = im(t*). Assume c is in ker(t n ) which means t„c = (— 1)™ c. Then 

n—l n—l 

N n c = 5^(-l) (n_1W 7^c = ^(-l) (,l - 1)j (-l) ( "- 1)j c = nc 

3=0 3=0 

Hence c is in im(N*) since we assume k is a field of characteristic 0. Conversely, assume c is in ker(N*). 
Then 



n—l n—l j 

nc = nc -N*c = J2 - c = (idn - (-l)*" -1 ^) £ 

3=1 3=1 i=0 



which means c is in the image of t*. The fact that both t* and iV* are morphism of differential graded 
Lze(C)-comodules follows from the Lemma 1531 □ 

Remark 6.4. The action of C„ on C®" also extends to defining an action of E n on C® n . All we need to 
define is the action of a single transposition. For n > 3 define 

(r 2 ® idn_a) • (a; 1 ® a; 2 ® • • • <g> x n ) = (x 2 <8 a; 1 <8> • ■ • <8 a;") (6.3) 

for any (x 1 <g) • • • <g> x") from C®" and n > 3. 

Lemma 6.5. Given any <j G E n /or any n>l, one has p n a = [a ® idi)p n . 

Lemma 6.6. Define an element h n — Y]"—q {~^-Y +i {idj ® T n-j) ^ n ^Pn] / or an J/ rt > 1. Define also 
e n = X^creE sgn(a)a in fc[E n ]. Then one has 

(e n ® Wi)ft„ + i = (-l)" +1 e n+ i (6.4) 

/or any n > 1 . 

Proof. One can consider E n C S n +i as the stabilizer of the element n if one considers the symmetric group 
on n + 1 letters as the group of automorphism of the finite set {0, . . . , n}. Then we claim 

n 
3=0 

If we assume on the contrary that E ra r n+1 = E„t^ +1 for j 7^ j, then one necessarily has t 1 ~2 x € E n which is 
not the case since T^_\(n) = n only if i = j. Now observe that 

T'ii - (r~ j+1 ® idi)^- ® r" + \_ .) (6.6) 

for any 1 < j < n. This means 

n n 

E n+1 = |J E„(V +1 ® idi)^- ® r"^^) = |J Sn(t^ ® r^^) (6.7) 

3=0 3=0 

which finishes the proof. □ 
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Theorem 6.7. There is a morphism of differential graded Lie(C) -modules of the form CB„(C) 
CE*(Lie(C)). 

Proof. We must show that e n +id^ B — d„ e„ for any n > 1. The proof is by induction on n. First observe 
that 8q E {x) — 5(x) — ® X(2) — X(2) ® £(i) by the definition of Lie{C) and the cobracket associated with 
Lie{C). Then for n = 1 we have 

e 2 d? B =(id 2 -r 2 )d^ B =8 1 =df E e 1 

trivially satisfied. Assume as the induction hypothesis that e n +id^ B = d„ e„. By using Lemma f6. 61 and 
Theorem 13.41 we get 

en+2d£+l =(-l)" +2 (£n+l ® idl)/ln+2<£?i 

= (-l)" +2 (e n+1 (g) idi) (-(d£ s ® «rfi)/i„+i + p„+i) 
=(-l) n+1 (d£ E $ id x )(e„ <g> idij^+i + (-l) n (e„ +1 <g> idijpn+i 

Lemma fo . 51 implies (e n +i G>5 idi)p n +i = p n +i^n+i- Then 

£n+2^+i ® idl)en+l + (-l)Vn+ien+l = 

for any n > 1, as we wanted to show. This proves there is a morphism of differential graded Lie(C)- 
comodules of the form CB*(C) -^ L > CE*(Lie(C)). The fact that is a morphism of Lie(C)-comodules 
follows from Lemma 16.51 □ 

Theorem 6.8. There is a morphism of differential graded Lie(C) -comodules of the form CH* (C) — — * 1 > 



CE*(Lie(C)). 

Proof. We must show that d„ (id\ ® e„_i) = (idi ® e n )d„ for n > 1. For n = 1, one has 

df-^x) = (x(i) (8 a; (2 )) - (x( 2 ) <8 x {1) ) = pi(x) = df 

For n > 2 consider 

(idi ® en+ijd^fi =(idi <8> e„+i)<9 - (idi <8 e„+i)(idi <8> d£ B ) + (-l) n+1 (idi <8> e„ + i)r~+ 2 #o 

= - (idi <g> d% E ){idi ® e„) + (idi <8 e„+i)d - (-l)"(idi ® e„+i)(idi ® r~+ x )(T 2 ® id n )d 
= - {idi <8> d% E )(idi ® e n ) + (id! <g> e„ + i)<9 - (idi ® e«+i)(T 2 ® id«)<9 
= - (idi ® d„ E )(idi <8> e n ) + (id! <8> e„+i)(pi ® id n ) 

by using the fact that d^ E e n = e n+ id^ B for any n > 0. Then by using Lemma f5. 51 and Lemma T6. 61 we get 

(idi ® e„+i)d^+i = - (idi ® d% E )(id! ® e n ) + (id 2 <8 e„)(df B ® id„) 

+ y^(-l) J (idi <g (g) id n -j)(id 2 ® e n )(pi <S> id n ) 

= (df E <g> id n )(idi <g> € n ) - (id! ® d% E )(id! <g> e„) 

n 

+ ^(-l) J (idi ® r^i <g) id n -j)(pi ® id n )(id\ ® e n ) 
i=i 

= d£f x (idi <g>e n ) 
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by using the fact that 

n 

e n +i =^2{- 1 ) j i' r i+i ® id n -j)(idi ® e„) (6.8) 
j=o 

whose proof is similar to Lemma f6. 61 The fact that the morphism we defined is a morphism of differential 
graded Lie(C)-comodules follows from Lemma fo. 51 □ 

Corollary 6.9. There is a commutative diagram of differential graded Lie{C)-comodules of the form 

CB*(C) = CB*(C) 



N, 



CH,(C) ► CE*(Lie(C)) 



(6.9) 



The algebra version of Corollary 16. 91 is proven by by J.M. Lodder in {T3| . 

Lemma 6.10. fcer(e*) is a two sided ideal of CB^iC). 

Proof. Take "J/ from ker(e n ) and <& from CB m (C) arbitrary. Consider 

n!e n+m (* ® $) = e n+m (e n ® id m )(^ ® $) = (6.10) 

So, \t ®$ belongs to ker(e*), i.e. fcer(e*) is a right ideal. The proof that ker(e^) is a left ideal is similar. □ 

Definition 6.11. Define a graded commutator by letting 

[<Jr,$] = (*®$) + (-l) nm ($®*) (6.11) 

for any * G CB n (C) and $ e CB m (C). Let [CB*(C),CB*(C)] denote the graded sub-module of graded 
commutators. 

Lemma 6.12. [CB*(C),CB*(C)] = ker{N*). Therefore[CB*{C),CB*{C)] is a differential graded Lie(C)- 
sub-comodule of CB„(C). 

Proof. For any * e CB n (C) and $ e CB m {C) we have 

(_i)(«+™-i)« r -; i m (* g, $) =(_!)»'«($ ^-) 

which means $] is in the image of (id n+m — (— ^ n+m ~ 1 ' n T~" m ) which is in ker(N^) since 

(_l)»+m-i Tn+miV „ +m = AT n+m (6.12) 

for any n, m from N. Conversely, assume is in ker(N^) which is equal to im(t„) by Theorem 16.31 Then 
Sfr is of the form = (id n — (— 1)"~ 1 t„) , I' / for some from CB*(C). Anything which lies in the image of 
(id n - (-l) n -V„) lies in the submodule [CB*(C),CB*(C)]. This finishes the proof. □ 

Lemma 6.13. [CB*(C),CB«(C)] is contained in feer(e*). 

Proof. The ideal fcer(e*) is generated by elements of the form (1 — sgn(a)a)^ where VP is from CB n (C) and 
o~ is from E n . Moreover ker(N^) — im(t*) thus is generated by elements of the form (1 — sgn(r„)r„). □ 
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Definition 6.14. Define a new differential graded Lie(C)-comodule CC^(C) by letting 

CC*{C)[+l] := CB*{C)/[CB*{C),CB*{C)) s im(JV„) 

We will call this complex as the cyclic complex associated with the coassociative coalgebra C. 

Remark 6.15. A coassociative coalgebra is called 7J-counital if CB^G) has trivial homology. As one can 
observe, if C is counital then it is i?-counital. Moreover, If C is i7-counital, then the double complex we 
described above in Theorem 16.31 is nomotopic to CC^(C), 

Definition 6.16. Define a new differential graded Lie(C)-comodule C El ym (Lie(C)) by letting 

CE s / m {Lie(C)) := C5*(C)/fcer(e») S im(e.) 
We will call this complex as the Chevalley-Eilenberg-Lie complex associated with the Lie coalgebra Lie(C). 

Definition 6.17. Let £( p , 9 ) be the set of (p, g)-shuffles in 11, Appendix A]. Define two elements 

from A:[E p+g ] as 

e (M) = ^ sgn(a)a (6.13) 
e te<?) = H sg^ ") "" 1 (6-14) 

for any p, q > 1. 

Lemma 6.18. For any p, q > 1 one /ias e p+g = (e p C3> e 9 )e^ p ' 9 ^ and therefore e p + q — £(p, g )(e P ® e 9 ) 

Proof. We claim that there is a unique element e^ 9 ) g fc[£p +(? ] determined by the following two conditions: 
(i) (e p (g e 9 )e^ P:9 ^ = e p+g and more importantly (ii) cr(l) < • ■ • < a(p) and cr(p + 1) < • • • < a(p + q) for any 
a appearing as a summand in e( p ' q \ Consider S p x E g as a subgroup of T, p+q and consider its right coset 
space (E p x E 9 )\E p+(? . The element e<>'«) w iU be the sum sgn(cr)o- where the sum is taken over unique 
representatives a from each right coset of £ p x S g . So the first condition is satisfied. Assume (X p x S 9 )cr 
be a right coset and consider the following disjoint union 

{o-(l), . . . , a(p)} U {a(p + 1), . . . , o-(p+ q)} 

of the set {1, . . . , n}. One must see that, there is a unique element (7, 7') £ E p x E 9 C such that 

ct( 7 (1)) < ••• < a(j(p)) 
a{ 7 '{l)+p) <••• <<j{ 1 \q)+p) 

which proves that every element a can be chosen uniquely from thus 

(Ep x E,)E ( p^) = S p+9 (6.15) 

This finishes the proof. □ 

Definition 6.19. Let X be a fc-module. Define the shuffle product on the graded fc-module {A® n }„>i as 

/#,(*®S) = e(Pi9) (*®*) (6.16) 

for any * from X®*> and $ from X® 9 . 
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Theorem 6.20. C El ym (Lie(C)) is a differential graded commutative algebra with respect to the shuffle 
product. Moreover, CB*(C) CE* ym (Lie(C)) is an epimorphism of differential graded algebras. 

Proof. Take e p (#) from C E s / nl (Lie(C)) and e 9 ($) from C E s q yra (Lie(C)) . Consider 

e(p, g )M*) ® e,($)) = e (P;9) (e p ® e,)(* ® $) = e p+g (tf ® $) 

for any if from CB p (C) and $ from CB q (C). This means the shuffle product of any two element from 
C El ym (Lie(C)) is again in C El ynl (Lie(C)) . Moreover, since we have 

£( 9 , P )M$) ® c P (*)) - ® *) = e P +^ P "+ 9 (* ® $ ) = (-irc(p,9)(cp(*) ® 

one can see that the shuffle product is graded commutative. Now, consider 

d P+ 9 e (P,</)( e p(*) ® W* ® 

=e*H-«+i<£?,(*®*) 

=e p+g+1 (4 7B (M>) ® $) + (-l)%+, +1 (* ® d? B (*)) 
=e (p+1;9) (e p+1 d p 7s (1') ® e 9 $) + (-l) p e (Pi<z+1) (e p (*) ® e g+1 ^ B ($)) 
=e (p+1;9) (df%(M>) ® c,($)) + (-l) p e (p , 9+ i)(e P (*) ® <£ B e,(*)) 

as we wanted to show. This finishes the proof. □ 

Theorem 6.21. C El vm (Lie{C)) is a graded cocommutative coalgebra with respect to the deconcatenation 
coproduct. 

Proof. Recall that e P + q = (ep<8>e,)e(P'«). This means 

A( £n *)= A (p , g) (e p ®e g ) e (™>* 

p+q=n 

p+<?=n * (1) (gia>(2)=e(P' < !)* 

implying A(C^ ym (i«e(C))) C C£* ym (£ie(C)) ® C^ ym (Lie(C)) as we wanted to show. Moreover 

p+9=n $ (1) ®$ (2) =e(p.«)* 

Since $ (2) ® = r p 7 9 ($ (1) ® $ (2) ) and r^e^r^ = e (^) one has 

A<*(e n *) = J] E M(2)®e P *(i)) 

P+9=« * (2) ®* (1) =€(«.P)r- + p ,(*) 

=A(e„r^*) 
=(-l)«A(e n *) 

which proves the graded cocommutativity. □ 
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Remark 6.22. According to 11, Appendix A] the collection C L7* ym (Lie(C)) is a graded Hopf algebra 
with respect to the multiplication and comultiplication structures we defined above. According to the 
graded Hopf algebra CEl ym ~(Lie(C)) is generated by the submodule of primitive elements as an exterior 
algebra. The submodule of primitive elements consists of degree 1 elements which fails to be a differential 
graded submodule. Thus, this result can not be extended to a generation result as a differential graded 
Hopf algebra. 

7 Miscellanea 

Definition 7.1. Let M£(k) be the free fc-module generated by symbols of the form {e.ij}^j—x- The comul- 
tiplication on the generators are defined as 

M e ij) = ^2 e ia ® e a j (7.1) 

a 

for any from the basis. One can easily see that 

(A ® id)A(eij) = 2J e ia ® e ab <g> etj = (id <8> A)A(ejj) 

a . b 

for any from the basis, hence M^(k) is a coassociative coalgebra. Define also a morphism M^(k) fc 

by 

f 1 if i = ? 

I7( ey ) = $ = { (7.2) 

I otherwise 

Then 

(?7 <8> id)A(eij) = ^2 S l a e aj = e tj = e ia 5? = (id <g> 7?)A(e^ ) 

a a 

for any which means ?7 is a counit. 

Theorem 7.2. Let X and Y be two coassociative counital coalgebras. Then there is a coassociative counital 
coalgebra structure on X ®Y . 

Proof. For any x <g> y from X (g> Y define 

A(x ® y) =(x {1) <g> y (1) ) ® (x (2) y (2) ) (7.3) 
rj(x <S> y) =r)(x)rj(y) (7.4) 

It is easy to check that X ® Y~ is a coassociative counital coalgebra. □ 

Corollary 7.3. Let C be a coassociative counital coalgebra. Then one has coassociative counital coalgebras 
of the form M^(C) defined by M„(k) (g> C for any n > 1. 

Corollary 7.4. Let C be a coassociative coalgebra. Then one has Lie coalgebras of the form gl^(C) defined 
by Lie(M^(C)) for any n > 1. 
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Definition 7.5. Given any fc -module X, define X v as Homfc(X, k). 

Lemma 7.6. Let C be a coassociative (Leibniz) coalgebra. Then C v is a associative (resp. Leibniz) algebra. 
Proof. Let C — > C (g) C be the underlying coassociative (Leibniz) coalgebra structure. Then one has 



Hom fe (C, k) ® Hom fc (C, k) A Hom fe (C <g> C, k) Homfc(<5 - fc) , Hom fe (C, jfe) (7.5) 

where /i is the pointwise multiplication map. The fact that C v is associative follows from the fact that C is 
coassociative and p is associative. If C is a Leibniz coalgebra, then given any three /, g, h from C v , one has 

([[f,9],h] - [[f,h],g])(x) =f(x [m] )g{x [1][2] )h(x [2] ) - f{x mi] )g{x [2 ])h{x [im ) (7.6) 
=f(x[i])g(x [ 2]]i])h(x [2][2] ) (7.7) 
= [f,[9,h]](x) (7.8) 

for any x € C proving C v is a Leibniz algebra. □ 



Theorem 7.7. Let C be a finite dimensional coassociative (Leibniz) coalgebra. Then the category of finite 
dimensional C-comodules is anti- equivalent to the category of finite dimensional C v -modules through the 
functor Hom k (-, k). 

Corollary 7.8. Let L be a finite dimensional Leibniz coalgebra. Then for any finite dimensional right 
L-comodule X, one has X L = (X v )lv. 

Proof. Let X X ® L be the underlying coalgebra structure. X L is defined as X L = ker(px). For a 
Leibniz algebra G and a right G-module Y ® G Y, the module Yq is defined as coker(py). Since (-) v 
is exact, 

(ker{ Px ) ->X ^X®L) V = (coker{p X v) <- X y ^ X v ® L v ) (7.9) 
for any finite dimensional L-comodule X, as we wanted to show. □ 

Corollary 7.9. Let M«(k) be the algebra of n x n-matrices. Then Hom k (C 'B*(M£(k)),k) = CB*(M£(k)). 
Moreover, Hom k {CB*{M*{k)) g i n(k) ,k) S CS*(Aq(fc))» l «W 

Corollary 7.10. Any finite dimensional gl^ik) -comodule X splits as X 91 ™^ ®X rest . 

Proof. The dual gl„(k) v is the Lie algebra gl n (k). And since gl n (k) is a reductive Lie algebra, the result 
follows. □ 

8 Loday— Quillen— Tsygan Theorem 

The differential graded module CB*(C) is actually a cosimplicial /c-module. Thus, the total complex 
of the bicosimplicial fc-module CB*{C) ® CB^(M^(k)) is homotopic to the diagonal cosimplicial module 
diag{CB*{C)®CB*{M*(h))) which is OB*(M£(C)). We also know from ThcoremlOthat CB*{M*{k)) has 
a gln(k) = Lie(M^(fc))-comodule structure and this coaction is null-homotopic. Corollarv l7. 1 01 implies that 
the differential graded fc-module C-B*(M^(fc)) ffZ ™( fc ) is a direct summand of CB^(M^(k)) as a differential 
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graded (7^(fc)-comodules. Then we can conclude that CB^(M^(k)) gl n( k ) is homotopic to the complex 
CB*(M°(k)) since both complexes are contractible. By using Corollarv l7.9l we conclude 

CB*{M°{C)) ~ diag(CB*(C) ® J*) (8.1) 

where J* denotes the differential graded fc-module Homfc (C-B* (M™ (fc) ) g i n k)- Now, according to ^2 
Chapter 9] Weyl's invariant theory provides us 

(MZ(k)® m ) gUk) * fc[S ^] (8.2) 

for n > m where fc[S^] denotes the E m -module fc[E m ] with the adjoint action. This immediately implies 
that for n > m one has 

.c = fcp™] v = m%] (8.3) 

since fc[E£f] is a finite E m -module. 

Consider the projective system of coalgebras M^ +1 (k) Pn+1 > M^(k) where 

!e,i if 1 < i, i < n 
~ ,J ~ (8.4) 
if i = n + 1 or j = n + 1 

which induces a projective system of differential graded modules C-B*(M^ +1 (fc)) Pn+1 > CB^,(M^(k)) and 
also J* +1 := CB4M^ +1 (k)) 9l ^+^ C B^M^k)) 91 ^ =■ J*. Since each is surjective, the system 

satisfies Mittag-LefHcr condition [21 Pg 82]. Thus 

= lim.ff*(J*) = ff,(limJ*) (8.5) 

n n 

The contractible differential graded algebra CB„(M^(C)) is homotopic to the diagonal cosimplicial module 
diag(CB*(C) ® J*) which in turn is homotopic to diag(CB*(C) ® J*) where J* = lim„ J*. The morphisms 
J* +1 P " +1 > J* are easy to describe: 

!<7 if a £ E ra C E n+ i 
n - n+1 (8.6) 
otherwise 

which means J* fc[EJ d ]. Thus, an element * from diag{CB m {C)®J m ) is of the form Ei( c i ®" ■'®c?®a i ) 
for some from C and from E^f. Then one can define a coassociative cocommutative coproduct 

E E (cf Sof)®^?®^) (8.7) 

i PUQ=n, er;(P)=P 

where n = {1 < • • • < n} and the sum is taken over all partitions P U Q = n of n such that &i(P) = P. 
The element af denotes ui considered as a set endomorphism of n restricted to the subset P. For a subset 
P = {p\ < ■ ■ ■ < Pm} of n the element cf is defined to be c? 1 ® • ■ • c Pm . We also define a product structure 

(c®c) ■ (d®<5) = (c <g> d ® o- © <5) (8.8) 

where (c ® cr) and (d ® 5) are arbitrary elements from diag(CB*(C) ® fc[E° d ]. We define er © <5 as 

{cr(i) if 1< i < p 

~ (8.9) 
(5(i — p) + p ifp+l<«<p + g 
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where a is from S p and 5 is from S g . 

Passing to the anti-symmetrization of diag(CB^,(C) ® fc[£° rf ]), one considers the collection 

e m {C® m ® fc[S^]) S Sm (C® m ® fc[E£?]) S C® m ® *;[££?] (8.10) 

for m > 1. We must prove that the coproduct we defined above extends to the anti-symmetrization. For 
this purpose consider 5 &Y, m and c = (c 1 ® ■ ■ ■ ® c m ) from CB m (C). Then c • 5 = c 5(1) ® • • • ® c 5 ^ and 

A(c-5®<t) = ^ ((c • 5) p ® a p ) ® ((5 • c) Q ® a Q ) (8.11) 

PUQ=n, a(P)=P 

2 (c 5 ( p ) ® (V)* (P) ) ® (c 5 <« ® ( 5 <r) 5(Q) ) (8.12) 

5(P)u5(Q)=<5(n), ■ 5 o'(5(P))=5(P) 

53 (c" ® ( 5 a) c/ ) ® (c y ® ( 5 a) v ) (8.13) 

[/uv=n, s o-(c/)=c; 

=A(c®' 5 ( t) (8.14) 

which proves that the comultiplication extends to the new setting. It is easy to see that the multiplication 
we defined earlier extends to the anti-symmetrization too. 

The differential graded algebra diagiCBJC) ® fcfSJ^l) which consists of {C® m ® fc[S m ]} m >i is ho- 
motopic to lim„ C El ym (gl^(C)) . Note that the induced projective system of differential graded fc -modules 
CE7 m (glf l+1 (C)) CEf m {gl c n {C)) still satisfies Mittag-Leffier condition. Define gl c (C) = \im n gl c n {C) 

and observe that 

YimCEf a \gl c n {C)) = CET\\™ 9 l c n {C)) ~ diag(CB r (C) ® fcpf ]) (8.15) 

n n ' E» 

According to 1.1, 10.2.15] the collection {C" 8 ™ ® fc[E^f]} m >i is a cocommutative Hopf algebra with respect 
to the coproduct and product structures defined above. Then CEl ym (gl c (C)) ~ [C® m ® fc[£^]} m >i is 
a graded commutative/cocommutative Hopf algebra. According to ^B] the Hopf algebra CE* ym (gl c (C)) 
is generated as an exterior algebra over the submodule of primitive elements. From the definition of the 
coproduct one can see that elements of the form X^( c « ® a i) are primitive where <Tj is in the conjugacy 
class of the element r m and c is in C*® m . With this description, one immediately sees that the submodule 
of primitive elements is also a differential graded submodule. If Cl(r m ) denotes the conjugacy class of the 
element T m and C Tm denotes the subgroup of centralizers of r m in £ m . Then we have 

Prim m CE s / m (gl c (C)) = C® m ® k[Cl(T m )] = C® m ® k[E m /C T J S C® m ® fc[E m ] ® k (8.16) 

E m S m S m CV m 

which is a differential graded submodule of C E s J m (gl c (C)) . However, the subgroup of centralizers of r TO is 
C m the cyclic group generated by r m . Therefore 

Prim m CE s J m {gl c {C)) S C® m ® fc £ CC* (<7)[+l] (8.17) 

as differential graded modules. Moreover, since the submodule of primitive elements is a differential graded 
submodule and since k is a field of characteristic we get 

H* ic (gl c (C)) := H*CE sym {gl c {C)) S H*A*C0(C)[+1] S A*JTC„(C)[+1] (8.18) 
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